A formulation is developed for the calculation of the electromagnetic-fluctuation forces for dielectric objects of arbitrary geometry at small separations, as a perturbative expansion in the dielectric contrast. The resulting Lifshitz energy automatically takes on the form of a series expansion of the different many-body contributions. The formulation has the advantage that the divergent contributions can be readily determined and subtracted off, and thus makes a convenient scheme for realistic numerical calculations, which could be useful in designing nano-scale mechanical devices.
Since the pioneering work of van der Waals in 1873-which revealed that condensation of gases is not possible unless an attractive interaction is at work in matter-and the explanation of this interaction by London in 1930 in terms of the correlation between quantum fluctuations of atoms and molecules [1] , we have been witnessing a surge of interest in exploring the physical implications of such fluctuation-induced interactions [2, 3] . The case of two parallel plates made of perfect conductors tackled by Casimir [4] and the subsequent generalization to the case of dielectric materials by Lifshitz [5] made important contributions to our understanding of the macroscopic manifestations of these interactions. Relevant experimental studies, which were ongoing alongside with the theoretical developments [1] , culminated recently with high precision quantitative verifications of the Casimir force [6, 7, 8, 9] .
The advent of nanotechnology in recent years has added to the interest in electromagnetic-fluctuation interactions as they become dominant at nanoscale [10] , and quantitative knowledge of them appears to be necessary in designing nano-machines to avoid unwanted effects such as stiction [11, 12] . Moreover, one could even make use of these interactions, e.g. the normal Casimir force between a flat plate and a sphere [8, 13] or the lateral Casimir force between two corrugated surfaces [14, 15] , in designing novel actuation schemes in microelectromechanical systems (MEMS). It thus seems desirable to be able to calculate the electromagneticfluctuation forces for a given assortment of dielectric and metallic objects in a certain configuration.
This, however, appears to be a nontrivial task due a number of subtleties involved. Casimir forces are known to depend in a nontrivial way on the geometry of the objects [16] , and the theoretical schemes that have so far been developed to study this effect are only applicable to perfect conductors [14, 16, 17, 18, 19, 20] . On the other hand, Lifshitz has pointed out that the electromagneticfluctuation force between two boundaries is dominated by the dielectric properties of the media in the frequency that is set by the separation between them [5] . This means that when these forces are most relevant, i.e. at length scales lower than 100 nm that is of the order the plasma wavelengths of most good metals, the perfect conductor assumption in the calculation of the Casimir force breaks down. Finally, the dependence of the divergent contributions to the Casimir energy-that should be removed in a carefully regularized formulation-on the geometry of the boundaries is not well characterized, and this makes it difficult to develop systematic numerical schemes of calculations. The fact that the Lifshitz interactions at small separations effectively involve dielectric constants at relatively high-frequencies suggests that a strategy based on expansion in dielectric contrast could act as a useful complementary approach to the existing formulations. Here, we have developed a path integral formulation for calculating the Lifshitz energy for dielectric bodies of arbitrary geometry, as an expansion in powers of the variations in the dielectric constant in space (see Fig. 1a ). The result effectively takes on the form of an expansion in manybody interactions with a fundamental tensorial kernel that reflects the nature of the electromagnetic fluctuations, with explicit expressions for all of the terms in the series. It has the advantage that the divergent contributions in the series are manifest and can be subtracted off systematically, which makes it very suitable for numerical calculations.
We start with the action integral for the electromagnetic field in a matter with dielectric constant ǫ, i.e.
, where standard expressions for the electric field E = − 1 c ∂ t A − ∇φ and the magnetic field B = ∇ × A are assumed in terms of the potentials φ and A. To perform the quantization, we need to express the action in terms of the potentials and break the gauge invariance by choosing a particular gauge. Using the temporal gauge, φ = 0, we can write the action integral as
, where summation over repeated indices is assumed. In this expression, ǫ(ω, r) is the frequency dependent dielectric function of the medium, which could represent any spatial arrangement of dielectric objects of arbitrary shapes, as depicted in Fig. 1a .
The quantization can now be performed by using the path integral method, which is facilitated if a Wick rotation is performed in the frequency domain. This renders the action integral "Euclidean" and we can find the partition function Z = DA i exp −S Euclidean m / , and the Lifshitz energy E = − T ln Z, where T is a long observation time. The calculation yields
where
, we can decompose the kernel K ij into a diagonal part that corresponds to the empty space and a perturbation that entails the dielectric inhomogeneity profile. In Fourier space, this reads
We can now recast the expression for the Lifshitz energy into a perturbative series by using tr ln
n ], where
. Using these definitions, one can write the explicit form for the trace as
which involves the geometric information about the arrangement of the dielectric objects through the Fourier transform of the dielectric function profile. Transforming back the expression in Eq. (2) into real space, we find the following series for the Lifshitz energy of any heterogeneous dielectric medium where the Green's function associated with the electromagnetic fluctuations is defined as This result has a number of interesting characteristics.
First, it appears that an expansion in powers of δǫ automatically turns into a summation of integrated contributions of n-body interactions. Moreover, all of the n-body interaction terms have simple expressions in terms of a single fundamental kernel G ζ ij (r) that mediates the twobody part of the interaction. This kernel is tensorial, and has the structure of the electric field of a radiating dipole in imaginary frequency [21] . It has, in fact, been introduced some time ago in connection with van der Waals interactions [22] . Finally, the result has a closed form expression for the Lifshitz energy for any geometrical arrangement of dielectric bodies in terms of quadratures.
To examine the convergence property of the above series, we can take a specific example for which the exact result is known, and compare it with what we find from the first few terms in Eq. (3). We consider the case of two identical semi-infinite dielectric objects that are placed parallel to each other at a separation H, for which the exact expression for energy per unit area is known to be E Lif = , where s = ǫ − 1 + p 2 [5] . To calculate the energies, we have assumed a simple form ǫ(iζ) = 1 + ω 2 p ω 2 0 + γζ + ζ 2 for the dielectric constant, where ω p represents the plasma frequency, from which the plasma wavelength λ p = 2πc/ω p can be extracted. In Fig. 2 , the ratio between the energy as calculated from Eq. (3) up to the second, fourth, and sixth order and the exact Lifshitz result is shown as a function of the separation in units of the plasma wavelength for ω 2 0 = 2 ω 2 p and γ = 0, which corresponds to a dielectric with ǫ(0) = 1.5. The results clearly show a crossover between two asymptotic regimes near H ≈ λ p /(2π) [23] . The series appears to be rapidly convergent so long as δǫ(0) < 1, and the convergence is considerably more efficient for H < λ p /(2π) [as compared to H > λ p /(2π)], especially for δǫ (0) 1. The damping constant γ appears to have very little effect on the Lifshitz energy for dielectrics (i.e. when ω 0 = 0). The results presented in Fig. 2 , for example, do not change appreciably for nonvanishing damping constants of up to γ = 0.1 ω p .
It is quite well known that any calculation of the Casimir or Lifshitz energy encounters a variety of divergent contributions that are very difficult to characterize. For example, it is not clear how these divergent terms depend on the geometry of the system, so that they could be identified in a simple geometry and done away with in a systematic way for slightly deformed boundaries, in the calculations that involve perturbation in the geometry of the objects [14, 18] . While the present formulation also suffers from this deficiency, in the sense that the expression in Eq. (3) involves divergent contributions, the fact that the expressions for the various terms in the series are known a priori allows for systematic identification of these contributions and thus their systematic cancelation. For example, one can show that putting 1 instead of the fraction in the second line of Eq. (2) yields a singular contribution of the form 3 , which could be subtracted off systematically (i.e. at every order n in the series expansion) for any geometry and dielectric configuration.
Let us now focus our attention on the specific arrangement shown in Fig. 1b , where two semi-infinite dielectric bodies with irregularly shaped boundaries are placed nearly parallel to each other at a mean separation H. We can write down the dielectric function profile as
and the corresponding Fourier transform as δǫ(iζ, q) = i qz
. When the separation of the surfaces is smaller than the plasma wavelengths of the two dielectric media, and δǫ 1 and δǫ 2 are small compared to unity, the leading contribution in Eq. (3) comes from the second order term. Putting in the dielectric function profile, we find
with the incomplete gamma function defined as Γ(a, z) = ∞ z dt t a−1 e −t . Note that at this order, the Lifshitz energy is pairwise additive. In the above result, we have kept the frequency dependence of the dielectric functions as well as the geometry of the boundaries arbitrary for generality of the presentation [24] . The expression in Eq. (6) can be considerably simplified for h 1 (x) = 0:
in terms of the original Lifshitz result for the energy per unit area of flat boundaries [5] 
3 ), and the exponential integral function defined as E n (z) = ∞ 1 dt e −zt /t n . This simplification is a general feature of pairwise additive interactions, as shown in Ref. [18] .
The pairwise summation approximation is widely used in the literature not only for dielectric materials at close separations but also for perfect conductors at arbitrary separations. We can use the present formulation to shed some light on the nature of this approximation, and make assessment on what is not included. Going back to Eq. (4), we note that the Green's function G ζ ij (r) is decomposed into a long-ranged kernel, and a "contact" part in the form of . The combination reminds us of the Clausius-Mossotti equation for molecular polarizability, which is well known to be valid only for dilute materials such as gases [21] . This approximation allows us to calculate the energy for perfect conductors, and we can use the example of two flat and parallel perfect conductors, for which the exact result is known to be E While this ratio varies with geometry, it gives us an estimate of typical errors that are involved in the calculations based on pairwise summation approximation. We also note that any attempt in going beyond this approximation should include the tensorial structure involved in Eq. (3), and for example, an ad hoc augmentation by introduction of scalar three-body interactions etc. will not be justified in light of our present scheme. The ClausiusMossotti approximation appears to give comparatively better results for the case of dielectrics, as can be seen from the example in Fig. 2 .
The formulation presented here could also be applied to the case of magnetic materials [25] . For a medium that is described by the dielectric function profile ǫ(ω, r) and the magnetic permeability profile µ(ω, r), we should replace the kernel in Eq. (1) , and the rest of the procedure follows closely. Generalization to the case of finite temperatures by discretizing the frequency is also straightforward.
In conclusion, we have presented a path integral formulation for the calculation of the Lifshitz energy for dielectric materials of arbitrary shape, as a series expansion in the dielectric contrast. The expansion converges very rapidly for dielectric objects that are at separations considerably smaller than their corresponding plasma wavelengths, and is expected to work perfectly for surfaces at nanometric separations. The results presented here could be applicable for the calculation of electromagnetic-fluctuation forces that are involved in nano-mechanical devices.
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